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The classical nature of signal velocity not greater than c
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Abstract. A classical model is presented to investigate the signal-to-noise ratio (SNR) for pulse propagation
through an anomalous dispersive medium. By comparing the SNRs of the pulse passing through the
medium and through the vacuum, we show that the problem of the signal velocity not faster than c can
be considered within the scope of classical theory. It is shown that, by including the classical fluctuations,
the signal velocity is not larger than c.

PACS. 03.65.Sq Semiclassical theories and applications – 42.50.Lc Quantum fluctuations, quantum noise,
and quantum jumps – 42.25.Bs Wave propagation, transmission and absorption

The phenomenon that the group velocity vg is larger than
the vacuum light speed c or even becomes negative has
been extensively investigated both theoretically and ex-
perimentally [1–7]. Due to the recent experimental veri-
fication of superluminal pulse propagation [3], the prob-
lem of whether a signal can propagate at a velocity faster
than c or not has become a hot topic. Although it is
claimed that the signal velocity can be larger than c [6–9],
most physicists believe it cannot [1,4,10–13]. Initially,
Sommerfeld and Brillouin argued that a signal should be
defined by a finite pulse with a front and an end, and they
showed that the propagation speed of the front can never
exceed c. Chiao and his colleague [4,10] also stated that
a signal is related to the front or the discontinuous point
of a pulse, and the front velocity must be less than or
equal to c, thus there is no superluminal signal. Experi-
mental measurements on the frontal velocity with causal
behavior have been achieved both electronically [10] and
optically [11].

It has been noted that any investigation into whether
information can travel superluminally has to take into ac-
count noise [14]. Recently, the propagation of a smooth
pulse in an anomalous gain medium was investigated
within the framework of quantum mechanics [13,15,16].
The quantum fluctuations of the medium were considered.
From the operational definition of a signal velocity based
on the optical signal-to-noise ratio, they concluded that
“quantum noise associated with the amplifying medium
acts in effect to retard the observed signal”, and “quan-
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tum fluctuations limit the signal velocity to values less
than c” [13].

Since the superluminal group velocity is a result of
classical interference between different frequency compo-
nents [17–20], we present a classical derivation for the SNR
of a pulse propagating through anomalous dispersive me-
dia. It is shown that the signal velocity in the medium
cannot be faster than c without taking into account the
quantum fluctuations. The classical fluctuation prohibits
superluminal transfer of a signal.

Consider a pulse propagating through a linear medium
of length L. In the linear medium, according to the lin-
ear superposition principle, the field can be written as a
Fourier integral, E (z, t) =

∫
E (z, ω) ei(ω−ω0)tdω, with ω0

the central frequency of the pulse. At the exit, the light
field can be expressed as

E (L, ω) = T (ω, L)E(0, ω) + En(L, ω) (1)

where E(0, ω) is the spectrum of the input field which
is determined by the incident pulse (signal source), and
En(L, ω) is the spectrum of the medium-introduced noise
field, T (ω, L) = eiωn(ω)L/c is the complex transmission co-
efficient, where n(ω) is the complex index of the medium.

The integrated total energy at the exit is given by

S(L, t) =

t∫

−∞
dt1E(L, t1)E∗(L, t1). (2)

When the input is zero, the energy at the output port
comes from the background noise of the medium, which
should be subtracted from the detection by adjusting the
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reference point of the detector. Therefore, the effective
detected energy is the difference of the total energy and
the noise energy:

〈S(L, t)〉 − 〈S(L, t)〉0 =
t∫

−∞
dt1 〈E(L, t1)E∗(L, t1)〉 −

t∫

−∞
dt1 〈E(L, t1)E∗(L, t1)〉0

=
1
2π

t∫

−∞
dt1

∫ ∫
dω1dω2 e−i(ω1−ω2)t1T (ω1, L)

× T ∗(ω2, L) 〈E(0, ω1)E∗(0, ω2)〉 (3)

where 〈 〉 means taking the statistical averages, and 〈 〉0
is for the average without input. We have assumed that
there is no correlation between the input field and the
noise field. The energy variance of the output field is

〈
S2(L, t)

〉 − 〈S(L, t)〉2 =

t∫

−∞

t∫

−∞
dt1dt2 〈E(L, t1)E∗(L, t1)E(L, t2)E∗(L, t2)〉

−



t∫

−∞
dt1 〈E(L, t1)E∗(L, t1)〉





2

=
1

(2π)2

t∫

−∞

t∫

−∞
dt1dt2

×
∫∫∫∫

dω1dω2dω3dω4e
−i(ω1t1−ω2t1)e−i(ω3t2−ω4t2)

×{T (ω1, L)T ∗(ω2, L)T (ω3, L)T ∗(ω4, L)〈∆2σi〉+〈∆2σn〉
+ T (ω1, L)T ∗(ω4, L)

× 〈
E(0, ω1)E∗

n(L, ω2)En(L, ω3)E∗(0, ω4)
〉

+ T ∗(ω2, L)T (ω3, L)

× 〈
En(L, ω1)E∗(0, ω2)E(0, ω3)E∗

n(L, ω4)
〉} (4)

where

〈
∆2σi

〉
= 〈E(0, ω1)E∗(0, ω2)E(0, ω3)E∗(0, ω4)〉

− 〈E(0, ω1)E∗(0, ω2)〉 〈E(0, ω3)E∗(0, ω4)〉

is the fluctuation of the input pulse, and

〈
∆2σn

〉
= 〈En(L, ω1)E∗

n(L, ω2)En(L, ω3)E∗
n(L, ω4)〉

− 〈En(L, ω1)E∗
n(L, ω2)〉 〈En(L, ω3)E∗

n(L, ω4)〉

is the fluctuation of the background noise. Similarly, the
energy variance at the exit end without an input is,

〈
S2(L, t)

〉
0
− 〈S(L, t)〉20

=

t∫

−∞

t∫

−∞
dt1dt2 〈E(L, t1)E∗(L, t1)E(L, t2)E∗(L, t2)〉0

−



t∫

−∞
dt1 〈E(L, t1)E∗(L, t1)〉0





2

=
1

(2π)2

t∫

−∞

t∫

−∞
dt1dt2

∫∫∫∫
dω1dω2dω3dω4

× e−i(ω1t1−ω2t1)e−i(ω3t2−ω4t2)
〈
∆2σn

〉
, (5)

which is the background noise coming from the medium
and increases continuously with time. As the time integra-
tion starts from −∞, in principle, this background noise
goes to infinity. Therefore, the background noise needs to
be substracted from the signal, which can be achieved by
adjusting the reference point of the detector. Therefore,
the detected energy variance is given by
[〈

S2(L, t)
〉 − 〈S(L, t)〉2

]
−

[〈
S2(L, t)

〉
0
− 〈S(L, t)〉20

]
=

1
(2π)2

t∫

−∞

t∫

−∞
dt1dt2

×
∫∫∫∫

dω1dω2dω3dω4e
−i(ω1t1−ω2t1)e−i(ω3t2−ω4t2)

× {T (ω1, L)T ∗(ω2, L)T (ω3, L)T ∗(ω4, L)
〈
∆2σi

〉

+ 2T (ω1, L)T ∗(ω4, L) 〈E(0, ω1)E∗(0, ω4)〉
× 〈E∗

n(L, ω2)En(L, ω3)〉}. (6)

The first term is the modulated original signal noise, the
second term is the added noise due to the medium. If
the medium is the vacuum, only the first term remains
with T (ω, z) = eiωz/c (the photon number variance of the
original pulse), which depends on the signal source and is
independent of the medium. From the variances, we define
the signal-to-noise ratio (SNR) as

SNR(L, t) =

[〈S(L, t)〉 − 〈S0(L, t)〉]2
[
〈S2(L, t)〉 − 〈S(L, t)〉2

]
−

[
〈S2

0(L, t)〉 − 〈S0(L, t)〉2
] .

(7)

This SNR is similar to the definition in reference [13].
But in their discussion [13], they do not exclude the back-
ground noise, which will be infinite for the second and the
fourth terms in equation (10) in reference [13]. We think
this background noise should be excluded. It should be
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Fig. 1. The SNR of a Gaussian pulse of width τ = 1.2 µs
after passing through the medium using a classical treatment
(curve B). Curve A is the SNR for the pulse through the same
distance vacuum. The medium is the same as in WKD’s ex-
periment except for the length of L = 12 cm. The peak of the
pulse arrives at the incident surface of the medium at time
t = 0, and emerges from the exit at time t = −123 ns. The
integration begins from the time −6τ .

noted that our method is a classical method since we do
not use quantum mechanics.

The original noise depends only on the source. Dif-
ferent sources give us different original noise. For a laser
pulse, even it is fully coherent, it still contains the fluctua-
tion. Here we assume that the original noise in the incident
pulse is

〈I(t1)I(t2)〉 − 〈I(t1)〉 〈I(t2)〉 = s 〈I(t1)〉 δ (t2 − t1) , (8)

where I(t) = |E(t)|2, and s is a constant. In the frequency
domain, the above equation becomes

〈
∆2σi

〉
= s 〈E(0, ω1)E∗(0, ω4)〉 δ (ω2 − ω3) . (9)

For a Gaussian pulse, E(0, ω) is also Gaussian distribu-
tion over frequency with |E(0, ω)|2 being the intensity in
the mode of frequency ω. For a noiseless pulse, s = 0.
when s = 1, it is equivalent to a coherent-state pulse. The
SNR will reach its maximum if we take En(L, ω) = 0.
Here we would like to emphasize that the dependence of
T (ω, L) on the frequency is exact. In Figure 1, we plot
the SNR of a Gaussian pulse after passing through the
medium (curve B), and the SNR of the same pulse pass-
ing through the same distance vacuum (curve A). In our
calculation, the medium is the same as used in the WKD
experiment [3], except for the length of L = 12 cm. From
the figure, we find that curve B is always below curve A,
which means that the signal through the medium can-
not be received by the detector earlier than that through
the vacuum. When the pulse completely passes through
the medium, the SNR of the pulse passing the medium

approaches the SNR for passing through the vacuum. In
Figure 1, s = 1 is taken. If s is not equal to one, the scale
of the SNR is multiplied by 1/s.

Note that if we take the approximation T (ω, L) ≈
T (ω0, L) in the first term of equation (6) and neglect the
high order dependence of the wave number on frequency,
we will get the SNR propagated at the speed of vg in
the classical treatment. Here we would like to emphasize
that any approximation on the medium might break the
Kramers-Kronig relation, which is crucial in the consider-
ation whether the signal velocity is larger than c or not.
It will break the causality if we make any approximation
in the transmission T (ω, L).

In conclusion, by using classical theory rather than
quantum mechanics, we have shown that the SNR of
a pulse passing through an anomalous gain dispersion
medium is always smaller than that passing through the
same distance vacuum. Thus the signal velocity in the
anomalous medium is never faster than c. Although our
result is similar to the reference [13], we consider only the
classical noise not including the quantum noise. Our calcu-
lations reproduce the essential result as in [13], that there
is no true superluminality. It should be emphasized that
in our calculation, we have not taken the approximations,
|T (ω, L)| ≈ |T (ω = 0, L)| and not neglected the high order
dependence of the wave number on frequency. Any approx-
imation in the dispersion relation will lead to an incorrect
result even if the approximation is minimal. In fact, as
many authors [19,21–24] stated, although the group ve-
locity can be larger than c or even become negative, no
actual energy transport occurs faster than c. Therefore,
only by using classical theory can we conclude that the
signal velocity is less than c.

This work was supported by RGC from HK Government, FRG
from HKBU, and the National Natural Science Foundation of
China (60268001).
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